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ABSTRACT

In this paper, we compare the modification of Helsiational iteration method (MVIM), and He's horopy
perturbation method (HPM), in order to obtain thgp@ximate solution of nonlinear fractional integfifferential
equations of Volterraand Fredholmintegro-differah#quations, we presentsome examples to find cutracy of the

methods.
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INTRODUCTION

The fractional integro-differential equations isgecial kind of equations collecting integro-diéfetial equations
and calculus,([17],[18]). In recent years, thers haen a growing mathematical formulations of ptalsphenomena,
such as nonlinear fractional analysis and theidiegjions in the theory of Engineering, Mechanie$ysics, Chemical

kinetics, Astronomy, Biology Economics, potentiddedry and Electrostatics contain integro-differ@ntquations,

([31.[6].[15],[16]).

The variational iteration method was first propobgde, ([1],[2],[13]), and was been worked out oaenumber
of years by many authors. This method has beenshowffectively, easily and accurately solve @éaclass of nonlinear
problems.In this paper our propose the reliableifivadion of He's VIM (MVIM), that was introducedybGharbani, [1],
for solving the nonlinear fractional integro-diféatial equations by constructing an initial trisk€tion without unknown
parameters so that one iteration leads to exastigol The other propose of this paper we studs Idetturbation method,
[7], for approximating the solution of nonlineaaétional integro-differential equations.Wewell cioles fractional order

integro-differential equations of the form:
D) = g(x) + A Jy k(x, OF (y(D))dt (1.1)
and
D(x) = g(x) + A [; k(x, )F(y(1))dt (1.2)

for x; t €[0; 1], Ais a numerical parameter, where the function g{¢3; t) are known and y(x) is the unknown
function, D%is Caputo's fractional derivative ands a parameter describing the order of thefractiataivative and

F(y(®) = f(y(t))9, q>1,is a nonlinear continuous function.
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BASIC DEFINITIONS

In this section we present some basic definitions@roperties of the fractional calculus theoryjchitare used in
this paper, ([5],[9].[14]).

Definition: 2.1

A real function y(x),x >0, is said to be in the ep&,,, PeR, if there exists a real numberp >, suchytogt=

xPy, (x), where y1(x)C[0; 1). ClearlyC<Cg if p<p
Definition: 2.2

A function y(x), x >0, is said to be in the spafe, mm € N u {0}, if y™ € C,
Definition: 2.3

The left sided Riemann-Liouville fractional integogeraton > 0, of a function€ C, , p>-1, is defined as:

I%y(x) = %fé‘(x — )% ly(t)dt, o>0,x>0 2.1)
1%y(x) = y(x), (1° = I idendity operator ) 2.2)
Definition: 2.4

Lety € C™, m € N U {03}, then the Caputo's fractional derivative of y(xjl&finition as:

Jry (%), m—1<mmeN
yx) = {D:::So’ «=m (2.3)

Hence, we have the following properties:
I*y()I%y(x) = I**Py(x),forall ¢, > 0,y € C,n >0

r(y+1) Y-«
ry+1-a) !

AxY

forx>0, a=0, y>-1

“DYy(0) = y() - IRy 0T, x>0
And Caputo fractional differentiation is a linegrevation, similar to inter order differentiation.
D[Ay(x) + pgx)] = AD“y(x) + n D*g(x),wheré. and u are constants.

Numerical solution of nonlinear Volterra and Hwebin fractional integro-differential equations

In this section the Modified of He's Variationagriation Method and He's Homotopy Perturbationmetiied
applied for solving nonlinear fractional integrdfdrential equations

The Modified of He's Variational iteration Method

In the first we will propose the reliable modifizat of the (VIM),[1], for solving nonlinear fractial
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Integro- differential equations withe initial cotidns by constructing an initial trial-function Widut unknown

parameters. Here, we consider the following fraidunctional equation,

y(x) = Ry(x) + Ny(x) = g(x), (3.1)

wherd., = D*, R is a linear differential operator, N represehts nonlinear terms, and g is the sourceterm. By

using (2.6) applying the inver$g?! to both sides of (3.1) we obtain:

y(x) = f(x) — L' [Ry(x) — L [Ny ()], (3.2)

where L7t = 1%, andL;![g(x)] = f(x).Can be applied in the above equations (1.1) arg) éind using the basic
character ofHe' s method is construction of a etiwe fractional for (3.1) which reads,

Ynr1(®) = ¥n() + [ A [Lyn (D) + Ry (D + Nyy (D) — g(®)]dt, (3.3)
and
Ynr1(X) = yn(X) + fol A [Lyy(B) + Ryy(t) + Nyy(t) — g(D)]dt, (3.4)

wheré.Can be applied in the above equations (1.1) ar®) @nd using the basic character of He s method is
construction of a correction fractional for (3.1hieh reads,approximate solution of (1.1) or (1&)d y,denotes a
restricted Variationdy, = 0 , to solve equations (3.3) and (3.4) use a Lagrangltiplier resulting from the integration by
parts. Then the successive approximatig{x), n > 0of the solution y(x) can obtain by using a Lagranudtiplier and

by using any selective functigg(x), ([10],[11],[12]). The exact solution may be olotdiy using,

limy, () = y(x). (357

As a result, we have the following Variational &gon formula for (3.2),

{ yo(X)is an arbitrary initial guess,

Yas1 () = £ — Ly [Rya(0)] — Ly [Ny ()] (3.6

The MVIM, that was introduced by Ghorbai et dll], can be established based on the assumptan th
thefunction f(x) of the iterative relation (3.6)rche divided into two parts, namé&Jgx) andf; (x), then we set,
f(x) = fo(x) + f1(x) (3.7)

According to the assumption (3.7) and by the retegiip (3.6), we construct the following Variatibitaration

formula,

Yo(x) = fp(x),
y1(x) = f(x) — Ly [Rfy(x)] — L' [Nfo(x)], (3.8)
Va1 (%) = F(x) — Ly [Ry, ()] — L [y, (X)].

He's Homotopy perturbation method
The basic consider of homotopy perturbation methostrated by consider the following nonlinear

functional equation,([4],[8]).
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A(w) =y(X), (3.9)

with the following boundary conditions(,U,Z—E) =0,x €T, where A is a general functional operator, U is a

boundary operator, y(x) is a known analytic funefi@ndI" is the boundary of domaif. , the operator A can be
decomposed into two parts L and N, where L is lirema N is a nonlinear operator, equation (3.9)manewritten as the

following:
L(U) + N(U) —y(x) = 0 (3.10)
We construct a homotopiyx, p): Q x [0,1] - R, which satisfies:
H(V,p) = (1 — p)[L(V) — L(Uo)] + p[A(V) —y(x)] = 0 (3.11)
Wherep € [0,1],x € Q,
or
H(V,p) = L(V) — L(Uo) + pL(Up) + p[N(V) —y(x)] = (3.12)

wheregy,is an initial approximation for the solution of edion (3.9). In this method, we use the homotopy

parameter p to expand:
V=V, +pV; +p2Vy+ - . (3.13)
The approximate will be obtained by taking the tias p tends to 1,
U=1lim, ;V=Vy+V; +V, + - (3.14)

To illustrate for equations (1.1) or (1.2) subdtiig (3.11) into (1.1) or (1.2) we obtain:

Dy;(x) = p(gi(x) + A [, k(x, F(y(t)db), (3.15)
or
1
D%;(x) = p(gi(x) + 4 j k(x, F(y(t)dt), (3.16)
0

We expand the solution of equations (1.1) or (ih2he following form:

Vi) =X20p'yi®) = yo(X) + py1(X) + pPy(X) + - . (3.17)

Substituting (3.17) into (3.15) or (3.16) and cdlieg the terms with the same powers ofp, we obéaieries of
equations of the form:

p%: D%, (x) = 0,
p': D%y (x) = g(x) + A [, k(x, F (y(1)dt,
p2: DY, (x) = g(x) + A f, k(x, OF(y(1))dt,

or
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p’: Dy, (%) = 0,
pl: Doy, (x) = g(x) + A [ k(x, OF (y(1)dt,

p?: Doy, (x) = g(x) + A f k(x F(y(t))dt,

that these equations can be easily solved by apgplyie operator®*the inverse of the operat®* according to
equation (2.6), that is by setting p = 1, in equzgi(3.15) or (3.16) we can entirely determineirsgtp = 1, in equations
(3.15) or (3.16) we can entirely determine the (HRBries solutions,([4],[8]).

y(x) = XiZoyi(x). (3.18)
NUMEICAL EXAMPLES

In this section we present some numerical examglle®nlinear fractional integro-differential equats by the
modification of He's Variational iteration methoddaHe's Homotopy perturbation method.

Example 4.1

Consider the following nonlinear fractional integtifferential equation:

Dy (x) = g(x) + [; (x — *[y(D)]* dt, (4.1)

Whereg(x) = 1 m 10 xé, with the initial condition y(0) = 0, and exaatstion y(0)=/x

Z.Z T T
2 2rd 315

The solution according to (MVIM)

DOSY(x) = 1 — 28 x5 + [(x— 2ly(®] dt, (4.1)

2
&T® 315

We take the operatﬁ)/lo, on both sides of equation (4.1) we obtain:

vV 16 2
22 315
xgr(g)

y) =y(0) - Xi5, y“"(0+)"£ +10 G +f; x = 9 [y(®]* dt) (4.2)

According to the original VIM (3.3) and corresponglithe recursive scheme (3.6), we obtain:

£(3) = fo(x) + £,(x) = 1710 (; f() - %x) 43)
f(x) = VX — 0.01103948449x" /5, (4.4)
by assuming

f(x) = VX, f1(X) = —0.01103948449x" 5, (4.5)

with starting of the initial approximatiop(x) = f,(x) = vx, we obtain:

Yo(x) = VX (4.6)
y1(%) = VX — 0.01103948449x" /5 + L1, (4.7)
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y1(X) = VX — 0.01103948449x " /5+1"10([*(x — ©2[y(D)]° dt) (4.8)
y1(x) = VX.
Vor1(X) = VX — 0.01103948449x" /5 + L1 [y,(x)] = vX, n > 1 6.9

in similarly view equation (4.7) it is obtaingtk) = v/x, where it is the exact solution of equation (4.1)
The solution according to (HPM)

0.9 _1 Vym 16 2 X, .\ 3
D Y(x)_zxér(é) 315X5+f0(x D*[y(D]° dt, 4.1

According to (3.16) we construct the following haomy:

D’/10y(x) = p(g(x) + J (x — H2[y(H] db), (4.10)
substituting (3.13) into (4.9) we obtain:

p°: D’/10y,(x) = 0,

p': D10y, (x) = g(x) + [X(x - O [yo(D)]dt,

p2: D10y, (x) = f(x — ©2[3(yo () ?y; (D)]dt,

p*:D’/10y;(x) = [3(x — ©2[3(yo(1))2y (V) + 3yo(H)(y1 (1)?]dt,

p*: D10y, (%) =[x — 2 [3(¥0(1)? y3(t) + 6¥e(t) + y1 () + (¥5())?]dt,
by applying the operatdrgéwto the above sets we obtain:

Yo(x) =0

y1(%) = VX — 0.01103948449x" /5

y.(x) =0, y3(x) =0,...

y(X) = X0y = yo(X) + y1(xX) + y2(x) + -

Therefore the approximate solution of (4.1),

y(x) = VX — 0.01103948449x" /s,

Table 1, Figure 1 and 2 shown the numerical resfidkample 4.1 .
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Figure 2: Approximate Solution of Example 4.1

Table 1: Indicate The Amount of Error in Example 4:1

0.1 0.3162277660 0:3162277221 4.39x10°8

0.2 0.4472135955 0:4472117398 0:0000018557
0.3 0.5477225575 0:5477059844 0:0000165731
0.4 0.6324555320 0:6323771759 0:0000783561
0.5 0.7071067812 0:7068453323 0:0002614489
0.6 0.7745966692 0:7738968827 0:0006997865
0.7 0.8366600265 0:8350513148 0:0016087117
0.8 0.8944271910 0:8911186637 0:0033085213
0.9 0.9486832981 0:9424336100 0:0062496881

1 1.0 0:9889605155 0:0110394845
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Example 4.2

Consider the following nonlinear fractional integtidferential equation:

1 x5/3
D/3y(x) = gﬁ—g x+2 [0 x(1 - Oyt (4.10)
3

we take the operatd)%/Son both sides of equation (4.10) we obtain:

xK x5/3
y(x) = y(0) — TRl y® (0H X +1's (2@ —Ix+1x(1 - Dy®2dy), (4.11)

According to the original VIM (3.3) and corresponglithe recursive scheme (3.6) we obtain:

x/
f(x) = fo(x) + f,(x) = 1+ 173 (2232 _Tx), (4.12)
sr(3) 3
f(x) = 1+ x2 — 0.1469798559x /3, (4.13)
by assuming,

fx) =1+x%,  fy(x) = —0.1469798559x /3,
with starting the initial approximation, (x) = fo(x) = 1 + x?,we obtain:

Yo(x) = 1+x%,

y1(X) = 1 +x2 — 0.1469798559x /3 + L1[f,(x)],

y1(X) = 1+x% — 0.1469798559x /3 + I'3(J x(1 - [y(t)]2dt,

y1(x) =1 +x?

Var1(X) =1+x%-0. 1469798559x /3 + L yn®]=1+x%n>1 (4.14)
in similarly view equation (4.14) it is obtainet(x) = 1 + x? , where it is the exact solution of (4.10).

The solution according to (HPM)

D/3y(x) = 3"% —Zx+ [y x(1 - Dy, (4.10)

According to (3.16) we construct the following haomy:

D'/3y(x) = p(g() +1 [, x(1 — H[y(H)]?av). (4.15)
Substituting (3.13) into (4.14),

p°: D /3y,(x) = 0

pl: D1/3y1(x) =gx) + %fol x(1 = [y, (D)]%dt
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p%: D /3y,(x) = 2

T

[ x(1 - ©[2y, Oy (D]dt,

p*:D 3y5(x) = - [ x(1 - O[2yo Oy, (1) + (y2()?]dt,

p*:D/3y,(x) = ; [y x(1 - D12y, (Dys() + 2y, Oy (V)]

by applying the operatorlsl/ 3to the above sets we obtain:

Yo(x) =1,

y1(x) = x2 — 0.04199424454x /3,
y2(x) = 0.03272782533x /3,
y3(x) = 0.008024681284x /3,

y4(x) = 0.0009942270254 x /3,

There for the approximations to the solution ofan (4.10) will be determined as

y(x) =

y(x) = 1+ x% — 0:00024751090x /3,

Table 2, Figure 3 and 4 shown the numerical resfidkample 4.2 .

20 ¥i(X) = yo(X) + y1(X) + y2(%) + y3(x) + y4(x) + -

Table 2: Indicate the amount of error in Example 42

Approximant Error

X exact = (MV IM) %‘;(HPM) of(HPM)
0.1 1.01 1.00998851 0.00001148
0.2 1.04 1.03997105 0.00002894
0.3 1.1¢ 1.08995029 0.00004970
04 1.1€ 1.15992705 0.00007294
0.5 1.2t 1.24990177 0.00009822
0.6 1.3€ 1.35987474 0.00012525
0.7 1.4¢ 1.48984616 0.00015383
0.8 1.64 1.63981618 0.00018381
0.9 1.81 1.80978492 0.00021507

1 2.0C 1.99975248 0.00024751
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Figure 4: Approximate solution of example 4.2
Example 4.3
Consider the following nonlinear fractional integtifferential equation:

81 ,(7/3\/§ F(2/3)

S Rty dt, (4.15)

D3 y(x) =
with the initial conditioly(0) = 0and exact solutiop(x) = x3 .
The solution according to(MVIM)

Now we take the operatdrz/son both sides of equation (4.14) we obtain:

_ k 2 7/3‘/§r(2/3)
y() = y(0) — SRt y®(07) T+ 1% (BXE 2Ky (L Ry@®]Pdy), (4.16)



Approximate Solution of Nonlinear Fractional Integro-Differential 11
Equations by He's Homotopy Perturbation Method andthe Modification of He'svariational Iteration Method

according to the original VIM (3.3) and corresporglthe recursive scheme (3.6) we obtain:

,, (81x/33T(*/3) |
£(x) = fo(x) + fo(x) =173 B = &) (4.17)f(x)
= x3—0.1023508743x /s,
by assuming

fo(x) =x3,  fy(x) = —0.1023508743 x /6 , (4.18)
with starting of the initial approximatiory,(x) = f,(x) = x3 ,we obtain:
Yo(x) = x3,
y1(X) = x3 — 0.1023508743 x /6 + L;1[fo(%)], (4.19)

— 3 _ 7 2/y0 01 312

y1(%) = x* — 0.1023508743 x /6 + I'/3(J Vx t[t*]?dt,
y1(x) = x3,
Vo+1(X) = 0.1023508743 x/6 + Ly.®]=x3,n>1, (4.20)

in similarly view equation (4.18) it is obtainegi(x) = x3, where it is the exact solution of equation (4.10)

The solution according to (HPM)

7/3V3T(%/3)
Day(x) = SXE Ry (LRt [y dt, (4.15)

28 14

According to (3.16) we construct the following haopy
D/3y(x) = p (800 + [, VX tly(©)]2dt). (421)
Substituting (3.13) into (4.21),

p°: D/ay(x) =0,

pl: D3y, (%) = g(0) + [} VX t[yo(D]2dt,

p% D3y, = [ VX t[2yo(t) ya(D]dt,

p* D3y, (x) = [y VX t [2y0(®y2(® + (y2(©)*] dt,

pt: D73y,(0 = [1VX t[2yo(Dys(®) + 2y,(®y; (D]dt,
by applying the operatorlsz/ 3to the above sets we obtain:
Yo(x) =0,

y1(X) = x3 — 0.1023508743 x /s,
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y2(x) =0,
y3(x) = 0.0775011686 x /s,
ya(x) =0,
Therefor the approximations to the solution of giume(4.14) will be determined as:
V&) = 320X = yoX) + yi(X) + ¥ (X) + y3(X) +yaX) + -,
y(x) == x3 — 0.02520075744 x /s .

Table 3, Figure 5 and 6 shown the numerical refigkample 4.3
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Figure 5: Numerical Result of Example 4.3
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X exact = (MV IM) Approximant by(HPM) | Error of(HPM)
0.1 0.001 - 0.000716907618 | 0.001716907618
0.2 0.008 0.004145672716 0.003854327284
0.3 0.027 0.02081430658 0.00618569342
0.4 0.064 0.05534732781 0.00865267219
0.5 0.125 0.1137743388 0.0112256612
0.6 0.216 0.2021135878 0.0138864122
0.7 0.343 0.3263775651 0.0166224349
0.8 0.512 0.4925754077 0.0194245923
0.9 0.729 0.7067141165 0.0222858835

1 1.000 0.9747992426 0.0252007574

CONCLUSIONS

From the above result we find that the modificatidbnHe' s variational iteration method (MVIM), litter than

He s homotopy perturbation method (HPM), the resuititain by using Maple 16 .
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